The distribution of the total momentum P of N interacting quantum particles is studied in continuous space, at positive temperatures T . It is shown that in one dimension the asymptotic distribution of P/ √ N is normal, in two dimensions its tail distribution is normal, and in all dimensions P/N tends to zero with full probability. From this we conclude that Landau's criterion of superfluidity in the presence of friction is not applicable. The probabilities of the eigenvalues of P are shown to be N −1 times the eigenvalues of a reduced density matrix, where reduction is onto the center of mass. It is suggested that the infinite volume limit of the probability distribution can characterize the different thermodynamic phases. At all T this limit vanishes in 1D and has a norm smaller than 1 in 2D. The missing probability is assigned to the event that the total momentum is infinite in infinite space. It is argued that the infinite total momentum is the summed-up contribution of single-and few-particle excitations, and is characteristic to fluid phases. The existence of phonons suggests that above one dimension in all the phases P must remain finite with a nonvanishing asymptotic probability which in crystals is 1 and is concentrated on a lattice. The superfluid transition at T = Ts is attributed to the appearance of a positive weight of the zero total momentum in infinite space -somewhat in analogy with Bose-Einstein condensation which is seen to be not the cause but the consequence of the superfluid transition. A macroscopic wave function can be defined by using the density matrix reduced to the center of mass. The super and normal fluids are not parts but alternative states of the system which add up to the thermal equilibrium state. In a dissipative flow the state becomes non-equilibrium with an increasing temperature. Thermal equilibrium is restored at Ts with the disappearance of the superfluid when the flow velocity attains a T -dependent critical value. Our concern in this paper is to understand the role of the total momentum in the description of fluids, crystals and superfluids. The idea that such a role can exist at all is based on the experimental fact that in interacting quantum systems there are collective excitations that carry a momentum. Acoustic phonons can be excited in all the thermodynamic phases, and in crystals one has also the optical phonons. These are collective modes involving a macroscopic number of particles, therefore their wave vector is proportional to the total momentum. Since the different phases are well characterized by the excitations that can be created in them, the distribution of the total momentum may be an interesting quantity to study. The broader subject is equilibrium statistical physics in continuous space. There has not been much effervescence in this field in the last thirty years, not because everything has been solved but because the remaining problems are extremely hard. In effect, there are only three rigorous proofs of phase transitions in classical systems [1] [2] [3] and none for interacting homogeneous quantum systems. The present paper contains some firm results and a series of heuristic arguments about the connection between the distribution of the total momentum in thermal equilibrium and the nature of the thermodynamic phases. A detailed account of this work is given elsewhere [4] .
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PACS
To start with the firm results, we consider, as in our earlier paper [5] , the energy operator
of N interacting particles in a d-dimensional cube Λ of side length L, defined with periodic boundary conditions. Here U Λ is the periodized potential energy containing translation invariant pair and possibly manybody interactions with, say, an integrable decay at infinity, which can include hard-core interactions but no external field. In such a case the total momentum P = j p j ≡ −i j ∂/∂x j is conserved and the eigenvalues and eigenvectors of H can be labeled by the eigenvalues Q of P: Hψ Q,n = E Q,n ψ Q,n , Pψ Q,n = Qψ Q,n , where E Q,n ≤ E Q,n+1 (n ≥ 0) and
A subset of Λ * that we call irreducible,
plays a distinguished role: any Q ∈ Λ * can uniquely be written as q + N k, where q ∈ Λ * irred and k ∈ Λ * , and the set of eigenvectors and eigenvalues of H are determined by those belonging to Λ * irred [5] . Using
the partition function at inverse temperature
where λ β = 2πβ 2 /m. The k = 0 term of this sum is denoted by Z irred .
The density matrix is Z −1 Q n e −βEQ,n |ψ Q,n ψ Q,n |. The probability that the system is in the state n e −βEQ,n |ψ Q,n ψ Q,n | n e −βEQ,n is
A simple estimate yields that taking the thermodynamic limit at a fixed density
tends to zero as L −1/2 in 1D but remains positive for d ≥ 2. With somewhat more effort one can prove the following [4] . (i) In 1D a central limit theorem (CLT) holds:
where Q i is any component of Q and J is a positive integer.
[but we believe that |Q|/ √ N → ∞ has a vanishing asymptotic probability, just as for
These results are valid at all temperatures and densities, for bosons and fermions, with or without interaction. One of their implications is that superfluidity and its breakdown cannot be explained by Landau's criterion [6] , cf. [7, 8] . To see this, we recall that at T > 0 the relevant excited states are among those with E Q,n − E 0,0 of the order of N (E 0,0 is the ground state energy); see also Eq. (19) below. Let ǫ Q = E Q,0 − E 0,0 , the lower edge of the excitation spectrum. Landau formulated his criterion in terms of the spectrum of elementary excitations that one can identify with ǫ Q [9, 10] . The criterion says that if
the superfluid flow is persistent at flow velocities v < v 0 . In the He4 superfluid ǫ Q is experimentally known up to a fewÅ −1 [11] [12] [13] . Moreover, we know [5] 
is a periodic function of Q with period lengths 2πN/L in d directions, and
Here 'free' refers to the non-interacting system. The experimental curve and the knowledge of ǫ Q in the LiebLiniger model [9] suggest that ǫ Q −ǫ free Q is bounded above by a concave function between two neighboring zeros. Therefore, the maximum of ǫ Q − ǫ free Q is of the order of N/L, and ǫ Q could be of order N and play any role at T > 0 only if ǫ free Q is of order N , which happens when |Q| ∼ N . However, Eqs. (7)- (9) show that for all T > 0 and in all dimensions Q/N tends to zero with full probability as N goes to infinity. For these Q, ǫ Q /N → 0 as well. So whether Eq. (10) holds or fails is irrelevant at T > 0. It actually fails: for any nonzero k in Λ * ,
Take a k with |k| = 2π/L, then for any v > 0, if L is large enough, ǫ Q /|Q| < v in a neighborhood of N k. Later on we shall derive a T -dependent critical velocity. P is canonically conjugate to x = N −1 N j=1 x j , the center of mass. A consequence is that the dependence on x can be separated in ψ Q,n : with the notation X = (x 1 , . . . , x N ),
Here
Equation (13) is obtained by applying e −x1· j ∂ ∂x j to ψ Q,n (X). Let y be arbitrary and define Y = (y 1 , . . . , y N ) with y j = x j + y − x. One can check that y = N −1 N j=1 y j and ψ Q,n (Y) = e iQ·(y−x) ψ Q,n (X). We can now define the density matrix reduced to the center of mass [14] :
Fourier transforming this equation in x and y,
so the eigenvalues of ρ c.m. are N ν Q with corresponding eigenfunctions
We recall that for bosons the one-particle reduced density matrix is
where n Q = N Q /N and N Q is the occupation number operator for the single-particle state |Q . Because Q∈Λ * n Q = 1 just as Q∈Λ * ν Q = 1, n Q can be interpreted as the probability that a particle is in the oneparticle state |Q . Thus, there is a perfect structural analogy between ρ c.m. and ρ 1 . They have the same eigenvectors |Q , the corresponding eigenvalues are probabilities multiplied by N , and for bosons both ν Q and n Q are positive definite functions on Λ * : the n × n matrices [ν Qi−Qj ] ij and [n Qi−Qj ] ij are positive semidefinite for any n and any Q 1 , . . . , Q n in Λ * [4] . In particular,
Because
in 1D and of order 1 for d ≥ 2 this implies that the free energy density can be computed in the Q = 0 ensemble:
Besides the structural similarity there is a fundamental difference between ρ c.m. and ρ 1 , owing to the fact that the dependence of the eigenstates ψ Q,n on x is separable, but the dependence on x j is not. The difference is accentuated in the thermodynamic limit in which both ν Q and n Q tend in distribution sense to a positive and positive definite measure on the dual space (R d ) * . We denote them byν(k) andñ(k), respectively. If there is BoseEinstein condensation (BEC) thenñ(k) =ñ 0 δ(k)+ñ c (k) whereñ 0 > 0 andñ c is continuous. Now ñ(k) dk = 1 always holds true, otherwise the kinetic energy density would diverge in the thermodynamic limit [15] . Soñ is a probability measure, meaning that in infinite space, as in finite volumes, the single-particle momentum cannot be infinite. This is not true forν: in finite volumes the total momentum is finite with probability 1, but from Eqs. (7) and (8) one can infer that Γ <∞ ≡ ν(k) dk = 0 in 1D and Γ <∞ < 1 in 2D for all T > 0, and Γ <∞ < 1 must hold for high T or small ρ in 3D. [We expect Γ <∞ = 0 and a CLT at T > 0 also for noninteracting systems.] Γ <∞ and Γ ∞ ≡ 1 − Γ <∞ are the respective probabilities that the total momentum is finite or infinite in infinite volume.
Because phonons carry a finite momentum, from Γ <∞ = 0 we conclude that in 1D at T > 0 the phonons disappear in the thermodynamic limit. This does not mean that density waves as finite-energy excitations do not exist in 1D. In effect, the ground state can be ordered [5] , and there certainly exist eigenstates which are its periodic modulations. However, at T > 0 the relevant excitation energies are of order N , and in 1D the relevant Q's are of order √ N . In contradistinction to collective excitations, fewparticle excitations involve small groups of particles which are nearly separated from each other. (Rotons may be of this kind [16] .) In 3D at high energies, in 2D at all energies they occur with a positive density in a non-vanishing fraction of eigenstates, and their finite momenta add up randomly to a total momentum of order √ N . The same holds for single-particle excitations. As in the case of phonons in 1D, in any dimension the states with a finite number of few-particle excitations can play a role only at T = 0. Now we can make our proposals about the connection betweenν and the thermodynamic phases. The above two classes of excitations, the collective ones with a finite nonzero total momentum and the single-and fewparticle excitations with an accumulated infinite total momentum in infinite space are sufficient to characterize the fluid phases (gases and liquids) at T > 0 and d > 1. Namely,ν is continuous, and the equilibrium state S in infinite volume is of the form S = Γ <∞ S <∞ + Γ ∞ S ∞ . Here S <∞ and S ∞ themselves are composed of states with finite or infinite momentum, respectively, and can be obtained with suitable limits [4] . Which of the states we see depends on the measurement. Since in 2D the second term is nonzero at all T > 0, a 2D system is in a fluid phase at T > 0 [including superfluid, see below]. As to the preservation of shift-invariance, this corresponds to known results [17] [18] [19] [20] ; it also predicts that an orientational quasi-long-range order would be destroyed by quantum fluctuations.
Concerning crystals, physical intuition suggests that the random single-and few-particle motions freeze out in the thermodynamic limit, implying Γ <∞ = 1. Moreover, the limit of x|ρ c.m. |y must be periodic in y−x according to some lattice L, thereforeν(k) = K∈L * νKδ(k − K), where L * is the reciprocal lattice. Because of positive definiteness,ν 0 ≥ν K .
The characterization of superfluids raises two questions: what is the role of BEC, and what are the two fluids in Tisza's two-fluid picture [21] . There is today a consensus based on analytical, numerical and experimental results [22] [23] [24] [25] [26] [27] that in bulk liquid helium BEC and the superfluid transition occur simultaneously. Yet in 2D there is superfluidity [28, 29] but no BEC at T > 0 [30] [31] [32] , and bulk helium at T = 0 is 100% superfluid containing less than 10% of condensate. These controversial facts can be reconciled by assuming that both in 2D and 3D the primary event at the superfluid transition temperature T s is 'condensation' of the entire system into the state of zero total momentum, and in 3D this triggers settling of individual particles at zero momentum. Thus, when passing T s the continuous distributionν picks up a Dirac-delta, so that it becomesν(k) =ν 0 δ(k) +ν c (k), whereν 0 > 0 andν c is continuous, in analogy with what happens toñ at BEC. An immediate implication is that the super and normal fluids are not parts but alternative states of the whole system, that compose the equilibrium state by convex combination,
and the measurement projects the system into one or the other state. The super and normal fluid fractions areν 0 and 1−ν 0 , respectively, andν 0 → 1 as T → 0. S s and S n can be constructed through limits, and S n can further be decomposed according to whether the total momentum is nonzero finite, or infinite. If the system is in a hypothetic frictionless flow of velocity v with respect to the container Λ, in the comoving reference frame we have [4, 5] 
Here H v is obtained from H by replacing p j with p j + mv. The density matrix reduced to the center of mass will be
and its square root can play the role of a macroscopic wave function. Note that lim L→∞ 0|ρ c.m. |x = ρν 0 . The super and normal fluid states in infinite volume can be constructed, and Eq. (20) becomes
with unchanged super and normal fluid fractions. A real flow is frictionless in the superfluid state but in the normal fluid state it is dissipative. If a flow of velocity v is maintained e.g. by moving the capillary with velocity −v, S v (T ) changes into a non-equilibrium state (for T = 0 see Ref. [33] ). In the superfluid state the velocity is v s = v, in the normal fluid state it will be smaller and time dependent, v n = α(t)v, α(t) < 1. The difference is due to the produced heat which partly is dissipated into the environment, partly raises the temperature to T t > T in both states [34] , and S v (T ) is replaced by
Here T t can be computed from
where η ≤ 1 is the efficiency, i.e., the fraction of the heat that raises the temperature. The dissipation continues until v n = 0. It raises T t and drives α(t) to zero. In the limit t → ∞ the system goes over into a non-equilibrium steady state,
From Eq. (25)
As v increases, T v → T s ,ν 0 (T v ) →ν 0 (T s ) = 0, and the system ends up in the thermal equilibrium state S n (T s ), at rest with respect to Λ. The critical velocity can be inferred from the equation T vcr = T s which yields One can qualitatively understand why friction affects the moving normal fluid but not the superfluid. Friction acts as a spatially random perturbation. Such a perturbation cannot create collective modes, it can influence only small separated groups of particles and excite them to a higher energy. When these groups relax, they emit incoherent radiation a part of which leaves the system, another part is reabsorbed and heats it. The suitable separated small groups of particles can be found in a macroscopic number only in the eigenstates ψ Q−N mv/ ,n = e −iN (m/ )v·x ψ Q,n with |Q| ∼ √ N , which contribute to S v n . To summarize, we studied the distribution of the total momentum of interacting homogeneous quantum systems in continuous space. We derived a central limit theorem in one dimension, proved that in two dimensions the tail distribution is normal, and showed that in all dimensions the total momentum is o(N ) with an asymptotically full probability. From this we concluded that Landau's criterion for the existence and decay of superfluidity cannot be applied. A connection has been established between the momentum distribution and the eigenvalues of a reduced density matrix, where reduction is onto the center of mass. We suggested to characterize the thermodynamic phases based on the properties of the asymptotic distribution of the total momentum. In fluid phases the distribution sets a positive weight to infinite momentum which is the resultant of single-and few-particle contributions. The existence of phonons supports the idea that the total momentum is finite with a positive asymptotic probability in all the thermodynamic phases; in fluids the distribution is continuous, in crystals it is concentrated on a lattice. Superfluids are fluids in which the zero total momentum acquires a positive weight. The super and normal fluids are alternative states of the system which compose the thermal equilibrium state through convex combination. The density matrix reduced to the center of mass can be used to define a macroscopic wave function. In a dissipative steady flow the state of the system becomes non-Gibbsian, and a heuristic argument can be used to derive a temperature-dependent critical velocity. BEC in three dimensions is triggered by the emergence of a state with zero total momentum.
